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We perform a numerical study to recognize the difference between various massive
potentials in the dRGT massive gravity on the holographic thermalization in the
AdS and AdS Gauss-Bonnet gravities. The massive potential in 4 + 1 dimensions
includes three symmetric polynomial terms which we denote them as a1, a2 and
a3 terms. We observe, in the case of time evolution of entanglement entropy that
there is a critical size of the entangling surface on the boundary below which both
signs of a1 and above the critical size a3 are able to reduce the thermal value of
entanglement entropy. Our numerical computations show the more positive ai’s
are, the faster system reaches to its thermal value. The order of saturation time
of positive potentials when supplemented to AdS or AdS-GB backgrounds is as
tsat(a1) > tsat(a2) > tsat(a3). We also explore these effects on the time evolution of
the holographic mutual information.
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2I. INTRODUCTION
The AdS/CFT correspondence [1–3] provides a useful and powerful tool to study the
details of strongly correlated quantum systems by postulating a duality with the dynamics
of a classical gravity in one dimension higher. The idea has passed numerous tests. The
AdS/CFT is the first realization of the holography principle, which is addressed that, all
information of a gravitational system in a spatial region is encoded on the boundary of
the region [4, 5]. On the other hand, the entanglement entropy is an important and useful
quantity in studying the quantum systems out of the equilibrium and the process of ther-
malization. For example, the thermalization time of quark-gluon plasma (QGP) produced in
the ultra relativistic heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) and
the Large Hadron Collider (LHC), computed by the traditional methods of perturbation is
longer than the experimental results [6]. This discrepancy reveals that we must find another
powerful quantity and study its properties. One line of research is considering non-local
probes such as two-point correlation function, Wilson loops and entanglement entropy.
But what is the meaning of thermalization? The unitary time evolution of a system after
a global quench [7] is considered as an example of thermalization. Due to limited methods
of computing the non-local probes in strongly correlated quantum systems, we should use
the holography and AdS/CFT techniques. The idea of holographic quench [7, 8] is that
the system is simply AdS at early times and after the inclusion of the quench as a shell of
collapsing null dust, a black hole forms at late times. The thermalization process is studied
widely in different backgrounds [9–14]. In the dual field theory the vacuum state of the
system at early times is evolved by varying some tunable parameters of the Hamiltonian
(e.g. the magnetic field) at some later time.
To implement the holographic description, one may use Vaidya metrics [15] which are
the solutions of Einstein equations with negative cosmological constant and a nontrivial
energy momentum tensor which describes the formation of the dual black hole through the
collapsing of a shell of null dust. These metrics are widely used in the setup of realization
of the holographic quench.
In this article, we consider the thermalization process of a theory without momentum
conservation in the boundary which in the dual background denoted by massive gravity. In
[16], the existence of lattice (or inhomogeneity) on the boundary is related to the graviton
3mass in the bulk theory. Inspired by this, we perform a numerical study to realize which
of terms of massive background have more effect on the thermalization process. In [17], the
effect of graviton mass is explored in 4-dimensional AdS bulk space-time on the thermal-
ization process. We extend that setup by taking into account the higher curvature gravity
corrections as Gauss-Bonnet coupling and study those effects in 5-dimensional AdS bulk. In
fact, we evaluate the effect of both signs of massive potentials in the action as representa-
tives (which was not considered in [17]). In this paper, we mainly focused on the qualitative
behaviors of the effects appear in the course of thermalization.
The organization of this paper is as follows: In section II, we briefly review the action
and Vaidya metric of AdS Gauss-Bonnet massive gravity in d + 1 dimensional space-time.
In section III, the holographic entanglement entropy of a strip entangling region in the
AdS-GB massive background is obtained. At the numerical section IV, our findings are
represented. Evolution of the holographic mutual information in a time-dependent AdS-GB
massive background is also investigated in section V and finally section VI is devoted to the
conclusion and summary of results.
II. BACKGROUNDS WITH ADS-VAIDYA GAUSS-BONNET MASSIVE
GRAVITY
Consider the action of d + 1 dimensional Gauss-Bonnet massive gravity with a negative
cosmological constant Λ as [18–20]
I =
1
16piGd+1N
∫
dd+1x
√−g
[
R + 2Λ + λGBL
2 LGB +m2
4∑
i
ci Ui(g, f)
]
, (1)
where m is the mass parameter, L is the AdS length (hereafter for simplicity we will set
L = 1) and the other quantities are as follows
Λ = −d(d− 1)
2L2
, LGB = R2 − 4RµνRµν +RµνρσRµνρσ . (2)
4In (1), ci’s are constants and Ui are symmetric polynomials of the eigenvalues of the (d +
1)× (d+ 1) matrix Kµν =
√
gµαfαν ,
U1 = [K] ,
U2 = [K]2 −
[K2] ,
U3 = [K]3 − 3 [K]
[K2]+ 2 [K3] ,
U4 = [K]4 − 6
[K2] [K]2 + 8 [K3] [K] + 3 [K2]2 − 6 [K4] ,
and finally f is a fixed symmetric tensor or reference metric which we will introduce soon.
From the action (1), we can derive the equations of motion by varying with respect to the
metric tensor gµν
Gµν + Λgµν +Hµν +m2χµν = 0 (3)
where Gµν is the Einstein tensor, Hµν and χµν are
Hµν = −λGB
2
(
8RρσRµρνσ − 4Rρσαµ Rνρσα − 4RµνR + 8RµαRαν + gµνLGB
)
, (4)
χµν = −c1
2
(U1gµν −Kµν)− c2
2
(U2gµν − 2U1Kµν + 2K2µν)− c32 (U3gµν − 3U2Kµν
+6U1K2µν − 6K3µν)−
c4
2
(U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν). (5)
The above e.o.m (3) has a static black hole solution
ds2 = −f(r)dt2 + 1
f(r)
dr2 +
r2
L˜2
hijdxidxj (6)
where hij is the metric on a d− 1 dimensional space with constant curvature (d− 1)(d− 2)k
and different horizon topology k = −1, 0,+1. In addition, L˜ is the effective AdS radius. In
deriving the black hole solution in (6) we take the reference metric f simply as [18–20]
fµν =
(
0, 0, c20hij
)
(7)
where c0 is a positive constant. Then it follows that
U1 = (d− 1)c0
r
,
U2 = (d− 1)(d− 2)c
2
0
r2
,
U3 = (d− 1)(d− 2)(d− 3)c
3
0
r3
,
U4 = (d− 1)(d− 2)(d− 3)(d− 4)c
4
0
r4
. (8)
5The emblackening factor f(r) is derived as follows [21]
f (r) = k +
r2
2λGB(d− 3)(d− 2)
(
1−
√
1 + 4λGB(d− 2)(d− 3)
[
−1 + M
rd
+ Γ
])
Γ = m2
[
(d− 2)(d− 3)c40c4
r4
+
(d− 2)c30c3
r3
+
c20c2
r2
+
c0c1
(d− 1)r
]
(9)
where M is the black hole mass and k set zero to have a black brane. This metric is static and
useless in studying the characteristics of a thermalization process in the boundary theory.
Instead, we need a Vaidya-like version of the above metric. To convert the static metric to
a Vaidya one, we use the following coordinate transformation to dive into the Eddington-
Finkelstein coordinates
dv = dt+
1
f(r)
dr . (10)
After some manipulations, setting an inverse radius z = L˜
2
r
and promoting the black hole
mass M to a time-dependent one M(v), the Vaidya type solution of metric (6) is obtained
ds2 =
L˜2
z2
(−f(z, v)dν2 − 2dνdz + dx¯2) (11)
where L˜ is the effective AdS radius, x¯’s correspond to the spatial coordinates on the boundary
and f(z, v) is a function of massive parameters and GB coupling as follows
f(z, v) =
L˜2
2(d− 3)(d− 2)λGB
1−
√√√√1 + 4(d− 2)(d− 3)λGB (1−M(v)(L2
z
)−d
− Γ˜
)
Γ˜ =
a1z
(d− 1)L˜2 +
a2z
2
L˜4
+
a3(d− 2)z3
L˜6
+
a4(d− 3)(d− 2)z4
L˜8
(12)
where ai = cic
i
0m
2. In this coordinate system, the boundary is located at z → 0. The above
time-dependent mass M(v) is chosen such that it interpolates between zero and finite value
M > 0 in a strictly increasing manner. Choosing this way, we have a background of pure
AdS-GB massive gravity in early times (v = −∞) and after evolving system, an AdS-GB
massive black hole forms at late times (v =∞). This profile is usually chosen to be [7].
M(v) =
M
2
(
1 + tanh
v
v0
)
(13)
where v0 is the thickness of the infalling null shell and M is the mass of the final black hole.
6III. HOLOGRAPHIC ENTANGLEMENT ENTROPY
In the static backgrounds where M(v) = 0 or some constant M , the entanglement entropy
SA = −tr(ρA log ρA) in the boundary theory holographically is obtained by a prescription
proposed by Ryu-Takayanagi(RT) in [22, 23] as
SA =
1
4Gd+1N
min [Area(γA)] (14)
whereGd+1N is the Newton constant for d+1 dimensional bulk and γA is defined as the minimal
surface extended in the bulk and anchored at the entangling region A in the boundary such
that ∂A = ∂γA (γA is homologous to A). In the case of time-dependent geometries, the RT
prescription has been generalized in [8] which is known as HRT recipe. The only difference
is in the interpretation of the anchored surface γA which here is obtained as an extremal
surface. In the following we explain it in details for d+1 dimensional Vaidya like metrics.
We want to compute the entanglement entropy of a spatial region A in the boundary
theory. Let’s assume A to be a (d−1) dimensional rectangle such that x1 ∈ (− `
2
, `
2
)
and the
other coordinates x2, . . . , xd−1 ∈ (0, `⊥) at some fixed boundary time tb. One can also assume
` `⊥. According to the HRT prescription, the entanglement entropy of a region A is given
by the extremal surface γA which is conveniently parametrized by v ≡ v(x1), z ≡ z(x1) and
whose boundary coincides with the boundary of A at z = 0. Since x1 is the only relevant
coordinate, from now on we denote it simply x. This dual surface extends all the way in the
bulk with imposing the following boundary conditions
z
(
− `
2
)
= z
(
`
2
)
= 0 , v
(
− `
2
)
= v
(
`
2
)
= tb (15)
In the Einstein gravity the area of such an extremal dual surface gives simply the entangle-
ment entropy but in case of corrections as higher curvatures this approach fails to apply. In
such cases one must have the appropriate functional which is not known for a general higher
curvature theory. Nonetheless, in the Gauss-Bonnet gravity the correct functional of the EE
in d+ 1 dimensional space-time is obtained in [24, 25]
SEE =
1
4Gd+1N
∫
Σ
dd−1x
√
h
(
1 + λGBL
2RΣ
)
+
λGBL
2
2Gd+1N
∫
∂Σ
dd−2x
√
σK (16)
where h and σ are the determinant of the induced metric on the extremal surface and its
boundary. K is the trace of extrinsic curvature of the boundary of Σ. L is the AdS length. In
7addition, RΣ is the Ricci scalar corresponding to the induced metric on Σ. In fact, the last
term is supplemented to provide a good variational principle in extremizing this functional.
Now using the Vaidya metric (11) the induced metric on Σ is given by
ds2 =
L˜2
z2
((
1− f(v, z)v′2 − 2z′v′) dx2 + d−2∑
i
dx¯2i
)
(17)
where L˜, effective AdS radius, is obtained by limiting z → 0 in the emblackening factor.
L˜ =
√
2λGB(d− 2)(d− 3)
1−√1− 4λGB(d− 2)(d− 3)
For sake of simplicity we have omitted the explicit x-dependence of functions v(x) and z(x).
In above ′ ≡ d
dx
and we have chosen the origin such that the functions v(x) and z(x) are
even. For simplifying the computations in following we restrict to d + 1 = 5 dimensional
spacetime. Thus the required quantities for SEE is listed as follows
ds2 =
L˜2
z2
((
1− f(v, z)v′2 − 2z′v′) dx2 + dx22 + dx23) (18)
√
h =
L˜3
z3
(
1− f(v, z)v′2 − 2z′v′) 12 , √σ = L˜2
z2
,
√
hRΣ = −2L˜Q
′z′
Q
3
2 z2
− 6L˜z
′2
√
Qz3
+
4L˜z′′√
Qz2
,
in which we have defined Q(x) ≡ 1− f(v, z)v′2− 2z′v′. Defining a unit normal vector of the
boundary ∂Σ by na, one can evaluate the extrinsic curvature as
K = σab∇anb .
In our case, this unit normal vector is clearly along the x1 ≡ x axes, thus
na =
(
L˜
z
√
Q, 0, 0
)
and the extrinsic curvature is obtained as
K = 2z
′
L˜
√
Q
.
So the contribution of the Gibbons-Hawking term is such that it cancels with some of terms
from intrinsic curvature of induced metric on the specific extremal surface∫
dx
d
dx
(
−2L˜z′√
Qz2
)
.
8Thus the entanglement entropy of a rectangular shape in the boundary is given by the
following functional
SEE =
`2⊥
4G5N
∫ `
2
− `
2
1
z3
(
L˜3
(
1− f(z, v)v′2 − 2z′v′) 12 + 2λGBL˜z′2
(1− f(z, v)v′2 − 2z′v′) 12
)
(19)
As a check, in limit of λGB → 0 one can obtain the results of entanglement entropy
in absence of curvature corrections as area of an extremal surface[33]. By extremizing the
above functional, the equations of motion are obtained as follows, which is very dirty and
cumbersome
z′′ =
P (z, z′, v, v′)
D (z, z′, v, v′)
v′′ =
Q (z, z′, v, v′)
D (z, z′, v, v′)
(20)
where
P (z, z′, v, v′) = v′(x)2f 2
[
− L˜2z(x)v′(x)2∂zf + 12z′(x)
(
2L˜2v′(x) + λGBz′(x)
)
− 12L˜2
]
− z(x)v′(x)(2L˜2v′(x)z′(x)− L˜2 + 6λGBz′(x)2)(
v′(x)∂vf + 2z′(x)∂zf
)
+ f
[
v′(x)2
(
z(x)
(
L˜2 − 6λGBz′(x)2
)
∂zf
+ 24L˜2z′(x)2
)
− 4L˜2z(x)v′(x)3z′(x)∂zf − L˜2z(x)v′(x)4∂vf
+ 24v′(x)z′(x)
(
λGBz
′(x)2 − L˜2
)
+ 6
(
L˜2 − 2λGBz′(x)2
)]
+ 6L˜2v′(x)4f 3
Q (z, z′, v, v′) = 2z(x)v′(x)3z′(x)
(
L˜2∂zf
−4λGB∂vf
)
− v′(x)2
[
2z′(x)2
(
5λGBz(x)∂zf + 12L˜
2
)
+ z(x)
(
L˜2∂zf − 4λGB∂vf
)]
+ v′(x)2f
[
− 8v′(x)z′(x)
(
λGBz(x)∂zf + 3L˜
2
)
+ z(x)v′(x)2
(
L˜2∂zf − 4λGB∂vf
)
+ 12
(
L˜2 − λGBz′(x)2
)]
+ 8v′(x)z′(x)
(
λGBz(x)∂zf + 3L
2 − 3λGBz′(x)2
)
− 6L˜2v′(x)4f 2 − 6L˜2 + 12λGBz′(x)2
D (z, z′, v, v′) = 2z(x)
[
2v′(x)z′(x)
(
4λGBf + L˜
2
)
+
(
v′(x)2f − 1) (4λGBf + L˜2)+ 6λGBz′(x)2]
9where f ≡ f(z, v) defined in (12). One should solve numerically these two E.O.M (20)
subject to the following initial conditions
z(0) = zt , z
′(0) = v′(0) = 0 , v(0) = vt (21)
Given the values of two free (initial) parameters (zt, vt), one can generate the profiles z(x)
and v(x). Then the physical time tb is read from these numerical solution through boundary
conditions z( `
2
) = , v( `
2
) = tb, where , a UV cutoff, is introduced since the area functional
above is divergent and needs to be regularized. The divergence comes from the fact that the
volume of any asymptotically AdS space-time is infinite and the extremal surfaces which we
considered reaches the boundary.
By studying the same problem in the pure AdS-GB massive space-time (rh → 0) one
can extract the divergence term and subtract it to obtain a finite area which is the main
quantity we are interested in.
IV. NUMERICAL RESULTS
In the following the results of our numerical approaches are presented in d + 1 = 5
dimensional bulk space-time. In fact, first we study the effect of graviton mass (through
different potentials Ui) and GB coupling on the time evolution of the entanglement entropy
then their saturation times are obtained.
Since this problem has several free parameters, including the constants ci’s, graviton mass
m and GB coupling λGB, we reduced some of them by going into the 5-dimensional space-
time. Since setting d = 4 in (8) the contribution of U4 goes away (the reason why we limited
ourselves to this dimension). On the other hand, parameters in the graviton mass term
appear in combinations of ai ≡ cici0m2. Besides, we set the thickness of the shell vS = 0.01
(almost thin shell limit), the final black hole mass M = 1 and the UV cutoff  = 0.01.
In Fig 1, the extremal surfaces for entangling surface l = 2 is plotted. As one can see,
once the boundary time tphy ≤ 0, the extremal surface is entirely in pure AdS-GB geometry,
without any discontinuity feature (the red surfaces in z(x) and v(x)). As times evolve and
the black hole is forming, part of surfaces enters into the shell (the gray and blue lines)
and for late times, when the black hole is completely formed, the extremal surface reaches
the thermal equilibrium with its background and becomes independent of time (the purple
10
surface).
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V
(x)
FIG. 1. The profile of extremal surfaces z(x) for different boundary time t in AdS-GB gravity
without massive parameters i.e. a1 = a2 = a3 = 0. The width of strip entangling region in the
boundary theory is set l = 2 and the Gauss-Bonnet coupling is λGB = 0.05. The boundary times
can be read from the right panel.
Now turning on the massive parameters can be led to some shift in the above generic
properties of extremal surfaces depending on the sign of potentials. For example, each of
the massive terms individually causes an upward (downward) shift in the values of dip point
of extremal surface for ai > 0 (ai < 0) but with different strengths. In Fig 2, this raising
and falling feature of extremal surfaces is plotted for, say, the blue line in the Fig 1.
To study the effect of massive terms on the evolution of entanglement entropy, one must
define a renormalized one. One way to obtain a finite result is by subtracting the area of
extremal surface at early or late times, once the black hole is absent or is formed, respectively.
Here we choose the early time regularization scheme i.e. ∆SHEE = S(t, `) − Svac(`). Now
the aim is to study the effect of massive potentials and GB coupling on the time evolution
of holographic entanglement entropy. The overall behavior of renormalized entanglement
entropy in presence of these terms and corrections is the same as pure AdS. The only
difference occurs in the final stage of time evolution where the black holes completely formed
and EE computed in that background. That is the massive and GB corrections change the
value of thermal EE. In the following, we plotted these effects for different signs of the
coefficient of massive potentials with/without Gauss-Bonnet gravity as representatives1.
1 In [26], authors discuss the causality condition on the boundary theory and show that mass parameters
ai’s may admit negative signs.
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0.5
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1.5
x
Z(x)
FIG. 2. The effect of massive term a1 on the extremal surfaces for time boundary tphy ∼ 1.9s in the
AdS-GB massive gravity. Different color coding are a1 = −1, 0, 1 from bottom to top, respectively.
The other parameters are λGB = 0.05, a3 = a2 = 0. The blue curve shows the AdS-GB gravity.
Before we dive in the details, it should be noted that depending on the choice of parameter
space, there is a critical entangling interval which beyond that the only notable behavior is
related to the a3 term. Here, to avoid confusion, we only plotted for ` ≤ `cr in Fig 3 and
zoomed in the final stage of the evolution. In these plots, there are two sets of drawing,
one is for AdS (massive) backgrounds depicted by dashed (green) line and the other is for
AdS-GB (massive) gravities which is shown by blue (red) line in Fig 3. As one can see,
there is no general rule about the behavior of different potentials except in case of a1 in
AdS massive background (recall that beyond the `cr the a3 term has such behavior). Both
signs of a1 very slightly decreases the thermal value of HEE with respect to the pure AdS
space-time. Besides, in both pure AdS and AdS-GB backgrounds the effect of massive terms
in either of conditions a1 > 0 , a3 < 0 or a2 < 0 is lowering the final value of HEE. Whereas
for either of a1 < 0 , a2 > 0 or a3 > 0, the presence of massive term leads to increase of HEE
with respect to massless theory (except for a1 in case of AdS-massive, mentioned above).
For completeness, we plotted the saturation time tsat against the width of the interval
` for both signs of ai’s as representative. From these plots we can further learn that the
saturation time for small boundary interval regions is independent of the choice of the
massive parameters but at large intervals the situation is some different. The positive values
of a1 and a2 lower the saturation time while their negative contributions increase it (Fig
12
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FIG. 3. Time evolution of renormalized entanglement entropy of a strip boundary region in dif-
ferent backgrounds including AdS-massive and AdS-GB massive gravities (only the thermal stage
of evolution is shown). The blue, green and red lines represents the pure AdS-GB , AdS massive
gravity without GB coupling and AdS massive gravity in presence of GB coupling, respectively. In
all plots, the strip width and GB coupling are set as ` = 0.5 , λGB = 0.05. The dashed gray line
is for pure AdS background. The inset graph for a1 < 0 shows the small variation in pure AdS
background once it added.
4). On the other hand, in presence of the a2 > 0 potential the system can thermalize faster
13
a1=-1
a1=1
a2=-1
a2=1
0 1 2 3 4 5
0
1
2
3
4
ℓ
t s
at
a3=-1
a3=1
0 1 2 3 4 5
0
1
2
3
ℓ
t s
at
FIG. 4. Saturation time tsat against width of boundary interval ` is plotted for various signs of
massive parameters in AdS massive gravity. In plots, dotted curve represent the pure AdS in
d+1 = 5 dimensional space-time. At very small widths, saturation time is independent of type and
sign of massive term.
than the a1 > 0. In case of a3 potential, there is a strange behavior. At sufficiently small
entangling regions, the saturation time is independent of the sign of a3 like before. The
negative values of a3 have almost the same saturation time as the pure AdS (recall that the
ai < 0 where i = 1, 2 increases the saturation time) but the positive a3 as a function of `,
first increases and then decreases the saturation time.
In general, at large regions the system is thermalized faster by turning on the ai > 0
potentials as in the following order:
tsat(a3) < tsat(a2) < tsat(a1)
where for comparison, we have supposed that all ai’s values to be equal.
2 Turning on the
massive potentials in the AdS-GB background, does not make any significant change to the
generic pattern of saturation time at small and large boundary regions for a1 and a2. In
the case of a3 > 0, the strange behavior seen in pure AdS (existence of a transition point
at intermediate lengths) is more difficult to reveal and seen as a very tiny effect at small
entangling regions (see Fig 5).
Another comment is about the effect of Gauss-Bonnet gravity individually. Turning
on and increasing the GB coupling can be caused of more increase in the magnitude of
2 Notice that ai’s have different dimensions. Nonetheless, we can firstly make them dimensionless by an
appropriate factor of the AdS length which we have taken to be L = 1. Then we consider equal values of
ai’s in the above inequalities.
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FIG. 5. Saturation time against the width of boundary entangling region ` for either signs of
massive potentials ai in the AdS-GB massive gravity. The GB coupling is set λGB = 0.05 and the
dotted curve represents the pure AdS-GB massive gravity. In the case of a3 > 0, there is no raising
in the time saturation at very small lengths.
0.0 0.5 1.0 1.5 2.0
0.03
0.04
0.05
0.06
0.07
tphy
ΔS HEE α=0.08α=0.05α=0.03
pure AdS
FIG. 6. Effect of Gauss-Bonnet coupling on the renormalized EE in a time dependent background
equilibrated (thermal) EE (Fig 6). By increasing the GB coupling, the EE reaches its
thermal value sooner. This time which is called the saturation or thermalization time is
reported for various couplings in the table I. One can observe that the saturation time
decreases as λGB increases.
As a final note, the effect of massive terms on the situation of the kinks in AdS massive
background is plotted. Recall that kink is appeared when the length of entangling region is
large [10]. In these cases, there are several extremal surfaces with different initial conditions
which anchored at the same final point on the boundary. As one can observe in Fig 7, the
large kink which is appeared in the large interval boundary ` = 3.4 in pure AdS, can be
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λGB 0.01 0.03 0.05 0.07 0.09
Saturation time 0.56203 0.53969 0.51659 0.49217 0.46561
TABLE I. Effect of GB coupling on the thermalization time of renormalized EE in AdS-GB gravity.
The width of strip in the boundary is ` = 0.5
get smaller in size by turning on the negative massive potentials (ai < 0) but with different
strengths in order: a3 > a2 > a1. The positive coefficient of massive terms (ai > 0) does
not have any significant effect on the size of the kink (in fact slightly enlarges) except the a3
term which here, as before (i.e. a3 < 0), completely removes the kink and also much lowers
the value of thermal HEE.
It is worth mentioning that Gauss-Bonnet corrections can be able to enlarge the kink
existed in pure AdS background (see Fig 8).
Unfortunately, due to the limitation of numerical computations, we could not explore the
effect of massive terms on the kinks in an AdS-GB background. We hope to study this issue
in future.
V. MUTUAL INFORMATION
In this section we analyze the holographic mutual information for AdS Vaidya-GB massive
gravity in d = 4 + 1 dimensional bulk. In all findings, there is a time independent region
where the holographic mutual information vanishes everywhere. Let’s consider two separate
spatial regions A and B in the boundary. By these, one can define a UV finite quantity as
I(A,B) = S(A) + S(B)− S(A ∪B) (22)
It is worth mentioning that when those two regions have a shared boundary, the holographic
mutual information failed to be a finite quantity. So not having an overlapping boundary
is the necessary condition to have a finite mutual information. In addition, it is always
non-negative which can be seen in the following. The only subtlety of mutual information is
computing the entanglement entropy of the union of two entangling regions. In fact, given
two disconnected intervals in the boundary, there are three configurations characterizing the
extremal surfaces extending in the bulk whose boundaries coincide with ∂A = ∂A ∪ ∂B.
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FIG. 7. Effect of massive terms on the size of the kinks in d+ 1 = 5 dimensional AdS space-time.
The width of strip entangling region is set ` = 3.4 where the kink appears.
The first is simply the union of two surfaces implying SA and SB. This scheme referred to as
disconnected configuration. The second one connecting the initial and end points of one to
the other which is referred as connecting configuration. The third one which is called mixed
connecting the initial (end) points of one region to the other. Here, the entanglement entropy
is an increasing function of the size of entangling region so we can claim that this mixed
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FIG. 8. Effect of Gauss-Bonnet correction on the kink which is appeared in pure AdS. The width
of entangling region is ` = 3.4 and λGB = 0.02. In this plot, for more illumination, only the kink’s
part of the time evolution of entanglement entropy is shown.
state is always suboptimal with respect to the disconnected one. In [27], it is shown that
for equilibrium configurations, S(A ∪ B) is given by the minimum of two sets of extremal
surfaces mentioned above. We will assume this rule is extended to the Vaidya metrics.
Therefore, we have
I(A,B) = S(A) + S(B)−min (Scon, Sdis) (23)
where Sdis and Scon are disconnected and connected configurations. When the distance
between the two regions exceed from a specific point, the mutual information becomes
zero. In other words, in the context of holographic CFTs there is a transition point in
the configuration space of holographic mutual information which is not observed in the
simple CFTs [27–30]. This happens once the contributions of connected and disconnected
configurations are equal.
A. Numerical Results for the Mutual Information
In Fig 9, the effect of various massive parameters in the case of pure AdS and AdS-
GB massive gravity with coupling λGB = 0.05 on the time evolution of holographic mutual
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information is explored. For more illumination, we first plotted the time evolution of mutual
information for AdS massive gravity and investigated the effect of massive terms on pure
AdS space-time then the contribution of GB coupling is considered. In general, there are four
different regimes of time evolution of mutual information depending on the size of entangling
regions or their separations. The logical picture is as follows, when, say distance separation
h between two disjoint intervals, gets larger, the mutual information more decreased. In
this section we do not discuss those topics. We examined the effect of massive terms and
GB coupling on one of the regimes of time evolution of mutual information in d + 1 = 5
dimensional bulk space-time. The other regimes have the same behavior. In all plots, the
mutual information starts from a non-zero value, then in two stages increases and decreases
till to reaches its final maximum. After that, decreases to zero (depending on the choice of
distance h can be led to a non-zero value I 6= 0). It is worth noting that in d + 1 = 3, 4
dimensional space-time there is only one maximum point before the quench is applied [31, 32]
(we checked this out for validity of our numerical code). Turning on the massive terms ai’s in
pure AdS space-time, one can observe that the behavior of a3 is different of the others that
is the ai > 0 where i = 1, 2 increases the mutual information in cases of pure AdS (dashed
curve in left panels of Fig 9) but with different scales as shown while for a3 both signs
decrease the pure AdS mutual information. Turning on the massive potentials in AdS-GB
backgrounds in case of a2 > 0 and a3 > 0 can be led to the reduction of mutual information
in pure AdS-GB massive background (dashed curves in the right panels of Fig 9). The other
observation is about the amount of decrease or increase of mutual information in presence of
different massive terms. The a3 term has more impact on the mutual information in a time-
dependent AdS massive and AdS-GB massive backgrounds. For instance in AdS massive
case, the more negative a3 gets, the more mutual information decreases. In general, these
changes in presence of GB corrections are smaller as it is observable clearly in the graphs of
right panels of Fig 9.
VI. CONCLUSION
In this paper, we studied numerically the effect of various massive potentials (m2ci Ui)
of dRGT massive gravity in pure AdS and AdS Gauss-Bonnet backgrounds on some of
the parameters of thermalization process such as final value of HEE (thermal value), the
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FIG. 9. Time evolution of mutual information of two disjoint intervals of ` = 0.9 and distance
separation h = 0.45 in ( Right panels) AdS-GB massive gravity and (left panels) AdS massive one
in d+ 1 = 5 dimensional space-time. All graphs are obtained in the thin shell limit, vs = 0.01. The
inset graphs shows the small changes in more details.
saturation time, the size of their kinks and finally on the mutual information. For sake of
simplicity, the coefficients of the massive terms in the potential are denoted by ai = cic
i
0m
2
and their effects on the thermalization were separately analyzed. The holographic approach
to the problem is based on a time dependent background of the gravitational collapse of a
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thin shell of null dust to a black hole, the AdS-Vaidya geometry.
Results indicated that for time evolution of HEE, the profiles of RT surfaces have the
same pattern of an AdS background. The only difference appears in the final value of the
thermal entropy. We observed an interesting and strange behavior for a1 term when added
to the pure AdS background for entangling intervals ` ≤ 0.8; Both signs of a1 decrease the
thermal value of entropy while for other terms (a2 and a3), the thermal entropy increases
(decreases) when a2 and a3 are positive (negative) in both AdS massive and AdS-GB massive
gravities. Beyond the above length, the strange behavior is related to the a3 term.
In [16], the graviton mass is related to the inhomogeneity of the dual background. It is
logical that the more inhomogeneity of the boundary is, the faster thermalizing the system
after a global quench.
It is interesting to explore the role of each ai term of the massive potential in the saturation
time individually to know which term can thermalize the system faster or in other words,
which potential introduces more inhomogeneity on the boundary. For small entangling
regions (i.e. ` ≤ 0.8), the saturation time is independent of the sign of ai where i = 1, 2 and
above that length, the more positive a2 is, the system thermalized faster. The a3 term at
sufficiently small lengths (i.e. ` ≤ 0.4) has different behavior. Here, a3 > 0 first increases
tsat then at some length, changes its behavior and decreases the saturation time as a2 > 0
and a1 > 0. This pattern is observed for either backgrounds mentioned above but this
strange behavior is milder by considering the Gauss-Bonnet corrections. In summary, the
system is thermalized faster in order of tsat(a1) > tsat(a2) > tsat(a3) at large entangling
regions. As mentioned before there is a discrepancy between the saturation time calculated
by the massless gravities and experimental measurements [6]. Our results are important
in the sense that it may resolve this discrepancy and bring theoretical values close to the
observations.
The next observation is related to the effect of these potentials on the kinks which appear
in the evolution of HEE at large entangling regions. We observed the negative potentials
have the ability to reduce or eliminate this swallow tails in the time evolution of HEE in
pure AdS massive background. The order of this reduction in the size of the kink is as
|∆K(a3)| > |∆K(a2)| > |∆K(a1)|. The positive a1 and a2 can produce or enlarge the
existed kink and their orders in enlargement is as a2 > a1. Both positive and negative
a3 significantly reduce the kink size. To explain why these happen a complete analytical
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approach is needed.
In an AdS background, turning on the positive (negative) massive potentials (except of
a3) can be led to increase (decrease) of mutual information. Both signs of a3 reduces the
mutual information but a3 < 0 make notably decreases.
Given an AdS-GB background, the positive (negative) potentials of ai where i = 2, 3
decrease (increase) the mutual information (the top insets of right panels of Fig 9). The a1
behaves in the opposite way. The distinct difference in turning on the massive potentials
between pure AdS and AdS-GB backgrounds is in the amount of change in the mutual
information. In case of AdS massive gravity, these changes are significant but in the other
one are negligible.
These results are obtained by numerical methods. It would be very interesting to study
the model analytically to achieve a better understanding of the nonlinear behavior of massive
potentials in the thermalization process. We hope to address this issue in more details in
our future works.
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